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In the chapter we look at two special functions of improper integrals knows as Gamma and

Beta. These functions play important role in applied mathematics.

Definitions

Gamma function

If 𝑛 > 0, the gamma function Γ(n) is defined by the improper integral. It is sometimes called the

second Eulerian integral and defined by the integral

is called gamma function and is denoted by Γ (n)

Gamma and Beta functions

The beta function is denoted β (m, n) and defined by the integral

Example 

Γ (n) = 0׬
∞
𝑥𝑛−1 𝑒−𝑥 𝑑𝑥

Γ (1) = 0׬
∞
𝑥1−1 𝑒−𝑥 𝑑𝑥

Γ (1) = 0׬
∞
𝑥0 𝑒−𝑥 𝑑𝑥

= න
0

∞

𝑥0 𝑒−𝑥 𝑑𝑥

Γ (1) 

= −𝑒−𝑥 0
∞

= lim
𝑥→∞

− 𝑒∞ − − 𝑒0

= 0 − −1 = 1

𝛽 𝑚, 𝑛 = න
0

1

𝑥m−1 1 − 𝑥 𝑛−1 𝑑𝑥
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Γ 𝑛 + 1 = 0׬
∞
𝑥𝑛 𝑒−𝑥 𝑑𝑥 (1)

We can integrate by parts

u = xn dv = e –x

du = n xn-1   v = - e –x

on integrating by parts, we get

= −𝑥𝑛𝑒−𝑥 0
∞ −න

0

∞

𝑛𝑥𝑛−1 −1 𝑒−𝑥 𝑑𝑥

By substituting  this result in the equation 1, we get

Γ (n+1) = n Γ (n)

Replacing n by  (n+1) in the definition of gamma function. where n = (n + 1)  

n   ˃ 0   Γ (n+1) = n Γ (n)

= 𝑛 න
0

∞

𝑥𝑛−1 𝑒−𝑥 𝑑𝑥

Theorem

Γ (n) = 0׬
∞
𝑥𝑛−1 𝑒−𝑥 𝑑𝑥

Proof :

By definition of gamma function
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So the relationship between gamma and factorial :

Therefore the Factorial function:

If n is positive, we can derive the following  

Γ (n+1) = n Γ (n)

For example s

= n Γ (n -1 +1)

= n (n - 1) Γ (n -1) using above result

= n (n - 1) (n - 2) Γ (n - 2)

= ……= n (n - 1) (n - 2) …………. (2) (1) Γ (1)

= 𝑛! Γ (1) we know Γ 1 = 1

Γ (n+1) = 𝑛!

= න
0

∞

𝑥𝑛 𝑒−𝑥 𝑑𝑥 = 𝑛!

For example 

For 𝑛 = 0 ⟹ 0׬
∞
𝑥0 𝑒−𝑥 𝑑𝑥 = 1 = 0!

For 𝑛 = 1 ⟹ 0׬
∞
𝑥1 𝑒−𝑥 𝑑𝑥 = 1 = 1!
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Γ (1/2) = 𝜋

Theorem

Γ (n) = 0׬
∞
𝑥𝑛−1 𝑒−𝑥 𝑑𝑥

Proof : By definition of gamma function

Put 𝑥𝑛 = 𝑦 and 𝑛𝑥𝑛−1𝑑𝑥 = 𝑑𝑦 we get 

Γ 𝑛 =
1

𝑛
න
0

∞

𝑒−𝑦
ൗ1 𝑛 𝑑𝑦

Now put n =
1

2
in above equation, we get

Γ
1

2
= 2

1

2
𝜋 = 𝜋
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Examples

n   ˃ 0   Γ (n+1) = n Γ (n)
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Example 

Examples
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Example  
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Example  

𝑠𝑜𝑢𝑙𝑢𝑡𝑖𝑜𝑛

Example  

Find the value of the integral 𝐼= 0׬
∞
𝑥6 𝑒−4𝑥

2
𝑑𝑥

𝑙𝑒𝑡 𝑦 = 4𝑥2 ⇒ 𝑥 =
𝑦 ൗ1 2

2
𝑑𝑥 =

1

2

1

2
𝑦 Τ−1

2 𝑑y 𝑑𝑥 =
1

4

𝑑𝑦

𝑦

𝐼= 0׬
∞
𝑥6 𝑒−4𝑥

2
𝑑𝑥

𝐼= 0׬
∞
(
𝑦 ൗ1 2

2
)6 𝑒−𝑦

1

4

𝑑𝑦

𝑦

𝐼=
1

4
0׬
∞ 𝑦3

64

1

𝑦 ൗ1 2
𝑒−𝑦 𝑑𝑦

𝐼=
1

256
0׬
∞
𝑦 Τ5 2 𝑒−𝑦 𝑑𝑦

𝐼=
1

256
0׬
∞
𝑦 Τ7 2−1 𝑒−𝑦 𝑑𝑦 𝐼=

1

256
Γ

7

2
⇒ ⇒ 𝐼=

15 𝜋

2048
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Proof 

We know that

On putting x = az in the above equation, we get

Replacing a by z in the above equation, we get

Γ (n) = 0׬
∞
𝑥𝑛−1 𝑒−𝑥 𝑑𝑥

If n > 0, 𝑡ℎ𝑒𝑛
Γ (n)
𝑧𝑛

= 0׬
∞
𝑒−z𝑥 𝑥𝑛−1 𝑑𝑥

Γ (n) = 0׬
∞
𝑒−𝑎𝑧 𝑎𝑧 𝑛−1 𝑎 𝑑𝑧

0׬=
∞
𝑒−𝑎𝑧 𝑧𝑛−1 𝑎n 𝑎−1a 𝑑𝑧

= 𝑎n0׬
∞
𝑒−𝑎𝑥 𝑥𝑛−1 𝑑𝑥

Γ (n)
𝑧𝑛

= 0׬
∞
𝑒−z𝑥 𝑥𝑛−1 𝑑𝑥

= 𝑎n0׬
∞
𝑒−𝑎𝑧 𝑧𝑛−1 𝑑𝑧
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Beta function 

𝑖. 𝑒. 𝛽 𝑚, 𝑛 = න
0

1

𝑥m−1 1 − 𝑥 𝑛−1 𝑑𝑥

If 𝑚 > 0, 𝑛 > 0, 𝑡ℎ𝑒𝑛 𝐵𝑒𝑡𝑎 function is defined by the integral 0׬
1
𝑥m−1 1 − 𝑥 𝑛−1 𝑑𝑥 and is

denoted by 𝛽 𝑚, 𝑛

Where 𝑚 𝑎𝑛𝑑 𝑛 are positive, and this integral is convergent for 𝑚 > 0 𝑎𝑛𝑑 𝑛 > 0.

Proof : By definition of beta function

𝛽 𝑚, 𝑛 = න
0

1

𝑥m−1 1 − 𝑥 𝑛−1 𝑑𝑥

Theorem

if 𝑚 𝑎𝑛𝑑 𝑛 are positive integers, then 

𝛽 𝑚, 𝑛 =
Γ 𝑚 Γ (𝑛)

Γ 𝑚 + 𝑛
But applying the define integral property

න
0

a

𝑓 𝑥 𝑑𝑥 = න
0

a

𝑓 𝑎 − 𝑥 𝑑𝑥

න
0

ൗ𝜋 2
𝑠𝑖𝑛2m−1𝜃 𝑐𝑜𝑠2n−1𝜃 𝑑𝜃 =

1

2
𝛽(𝑚, 𝑛) =

Γ 𝑚 Γ (𝑛)

2 Γ 𝑚 + 𝑛
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𝛽 𝑚, 𝑛 = න
0

1

𝑥m−1 1 − 𝑥 𝑛−1 𝑑𝑥

Hence, we can say that

Now integrating by parts, we get
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න
0

ൗ𝜋 2
𝑠𝑖𝑛2m−1𝜃 𝑐𝑜𝑠2n−1𝜃 𝑑𝜃 =

1

2
𝛽(𝑚, 𝑛) =

Γ 𝑚 Γ (𝑛)

2 Γ 𝑚 + 𝑛

Proof : By definition of beta function

We know that 𝛽 𝑚, 𝑛 = න
0

1

𝑥m−1 1 − 𝑥 𝑛−1 𝑑𝑥

Let 𝑥 = 𝑐𝑜𝑠2𝜃 𝑑𝑥 = 2 cos 𝜃 (− sin 𝜃 )𝑑𝜃

1 − 𝑥 = 𝑠𝑖𝑛2𝜃 𝑑𝑥 = −2 cos 𝜃 sin 𝜃 𝑑𝜃

at 𝑥 = 0 𝑐𝑜𝑠2𝜃 = 0 𝜃 =
𝜋

2

at 𝑥 = 1 𝑐𝑜𝑠2𝜃 = 1 𝜃 = 0

𝛽(𝑚, 𝑛) = න
ൗ𝜋 2

0

𝑐𝑜𝑠2𝜃 m−1 𝑠𝑖𝑛2𝜃 n−1 (−2 cos 𝜃 sin 𝜃 𝑑𝜃)

𝛽(𝑚, 𝑛) = 2න
0

ൗ𝜋 2
cos 𝜃 2m−2 sin 𝜃 2n−2 cos 𝜃 sin 𝜃 𝑑𝜃

𝛽(𝑚, 𝑛) = 2න
0

ൗ𝜋 2
cos 𝜃 2m−1 sin 𝜃 2n−1 𝑑𝜃

Theorem

𝛽(𝑚, 𝑛) = 2න
0

ൗ𝜋 2
cos 𝜃 2m−1 sin 𝜃 2n−1 𝑑𝜃
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Example

𝛽 𝑚, 𝑛 = න
0

1

𝑥m−1 1 − 𝑥 𝑛−1 𝑑𝑥

Theorem

To show that 𝛽 𝑚, 𝑛 = 𝛽 𝑛,𝑚

Proof :

By definition of beta function

Putting 𝑥 = 1 − 𝑦 and 𝑑𝑥 = −𝑑𝑦 in above equation, we get 

𝛽 𝑚, 𝑛 = න
1

0

1 − 𝑦 m−1 𝑦𝑛−1 −𝑑𝑦

𝛽 𝑚, 𝑛 = න
0

1

𝑦𝑛−1 1 − 𝑦 m−1 𝑑𝑦

𝛽 𝑚, 𝑛 = 𝛽 𝑛,𝑚

Evaluate 0׬
1
𝑥4 1 − 𝑥 3 𝑑𝑥

Solution

0׬
1
𝑥4 1 − 𝑥 3 𝑑𝑥 = 0׬

1
𝑥5−1 1 − 𝑥 4−1 𝑑𝑥

𝛽 5,4 = Γ 5 Γ (4)/Γ 9
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Example

Example
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Example


