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Gamma and Beta functions

In the chapter we look at two special functions of improper integrals knows as Gamma and
Beta. These functions play important role in applied mathematics.
Definitions

The beta function is denoted £ (m, n) and defined by the integral
1
p (mn) = j x™ 11 —x)1dx (m,n=>0)
0

Gamma function

If n > 0, the gamma function I'(n) is defined by the.improper integral. It is sometimes called the
second Eulerian integral and defined by the integral

()= f°° x1 o=% dx Is called gamma function and is denoted by I" (n)
0

Example  I'(1)
ra)= [Fx*=Ye ™ dx
I'(l)= fo x% e ™ dx

(0'e]
=j x0 e X dx
0

=[-e§
m( e™) = (~ )
0—-(-1) =1
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Theorem
n >0 I'(ntl)=nl (n

Proof :
By definition of gamma function

I'(n)= fooo x" e X dx

Replacing n by (n+1) in the definition of gamma function. where n = (n + 1)
Frn+1) = fooo x™ e ¥ dx (1)

We can integrate by parts
u=x" dv=e-
du=nx"!t v=-e~

on integrating by parts, we get

= [—xne‘x]‘(’f’—j nx™ 1t (=1e *dx
0

=n f x" 1 e * dx
0
By substituting this result in the equation 1, we get

I'(n+l)=nl (n)
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If n is positive, we can derive the following
I'(ntl)=nl (n)
=nl (n-1+1)
=n(n-1) I (n-1)using above result
=n(n-1)(n-2)I'(n-2)

= e =nm-1)(N-2) oo 2) (1) I" (1)
=n!T (1) weknow T (1) =1
So the relationship between gamma and factorial :

I'(n+1) =n!
Forexamples 1(2) = 11 =1, T (3) =2/ =2, T(4)=3!=
Therefore the Factorial function:
= joox" e X dx =n! nEE1,2,3,...... etc.) is a positive integer.
0
For example

Forn="0 =>f0°ox0 e *dx=1=0!

Forn=1= ["x! e dx=1=1!
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Theorem

r(/2)=+x
Proof : By definition of gamma function
I'(n) = fooo x" e ™ dx
Putt x"=y and nx" ldx =dy  Wweget

(0]

1 —yYn
I'(n) =-— f e™ " dy
n Jo
Now put n = % In above equation, we get

JORIOORE
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Examples

['(3/2) = (1/2) =
| 3\
I'(5/2) = (3/2) 5 5
7) 5 5
r(3) = (3] - 3
531
T 222
_ Erl_
8 2
(1(1) = 0!
I'(2)=1
Examples: "\ <
1 (3)=2!
1(4) =3!
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Example

Evaluate o x* e ™ dx

Solution
" xterdx = off x¥ e™dx = I(5)
[(5) =T(4+1)= 4! =4(3)2)1) =24

Examples

Evaluate o x'? e *dx

:;J-r X 12 e =% l:l.:":

o7 X3 edx = I[(3/2)

32= Y2 +1
372)= I%+ 1= % I'(%) =%Vn

7
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Example Evaluate f: Yx e V* dx

Solution: Let = [" x3 e~V* dx
Putting VX =t = x = t?sothat dx = 2tdt in (i), we get

I=[" tY?e 2tdt

=2["t32 et dt

o 5
=2[ t2 etdt

[, Vx e V¥ dx = %JE
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k-
Example  Evaluate [ Vx e~ V¥ dx.
Solution: Let I = [“vxe™Ydx s (1)

putting Vx = t or x = t3, dx = 3t%dt in (1) we get

I — j-ﬂ:c- I..H._.-'IE—!' at:dt — 3 J‘I:': t?.l":E—f‘ di— — EF{;} — .E . E . E . ir{i} — E-\,'IE A“E.
Example

Find the value of the integral I= fooo x6 e~ dx

soulution lety = 4x% = x = ﬁ dx = (1) (1) y_l/z ay dx = (1>

> 2) \2
I= fooo x6 e~ dx

1/
— (® Y6 ,-yldy

1 o0 y3 1

—_ A — & =y
140 64 yl/ze dy

_ 1 o) 5/ —
I_Efo y ze ydy

1 o — — :i Z :%
I:Efo ytevdy = | 256F(2) = I=50s
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Theorem

F(n): fooo e~ ZX yn=1 4

ZTL

If n > 0, then
Proof
We know that ) = f0°° ¥ 1 =%y
On putting X = az in the above equation, we get
I'(n) = fooo e % (az)" ! adz
:fooo e~ zn1 g"q~ladz
_ © - -1
=a"[, e % z"ldz
Replacing a by z in the above equation, we get

— 0 (*® ,—ax ,n-1
a’[, e % x™"ldx

F(n)_ o _ —
Zn_f() ezxxnldx
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Beta function

If m > 0,n > 0, then Beta function is defined by the integral fol x™1(1 — x)" 1 dxand is
denoted by g (m, n) L

i.e.p (mn) = j x™ (1 — x)" 1 dx
0
Where m and n are positive, and this integral is convergent for m > 0 andn > 0.

_I'(m)T (n)
2T (m+n)

”/2 ia2—1 2n-1 1
sin 0 cos 0do = E,B(m, n)
0

Proof : By definition of beta function

1

B (m,n) = J x™=1(1 —x)" L dx

0

Theorem
If m and n are positive integers, then
[(m)T (n)
B (m,n) = I'(m+n)

But.applying the define integral property

joaf(x)dx = joaf(a — x)dx
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Hence, we can say that

S (m,n) = f x™~1(1 —x) 1 dx
0
Now integrating by parts, we get

B(m,n) = [(1—$)“*—1f] m — 1) f{1 ym— ?““E dx

—1
_ f (1 —z)™ 2" dx
n o

Again integrating by parts, we get

— m’;l [{(1—:1:)“‘—? nH} + (m —2) / (1— ﬁHl dx

(m — 1)(?]‘1 _ 2) f (1 ﬂ:)‘m. 2 ﬂ+] dr

n(+1)

_(m—-1)(m—-2)...2x1
Cnn4+1)...(n4+m—2)
_ (m — 1}(7’“ — 2) L2 %1 iﬁﬂ+m—1 1
- nn+1)...(n+m-—2) [n+m—1

— (m—1)(m—2)...2x1

- a@m+1)...(n+m—2)(n+m—1)

Multiplying numerator and denominator by(n — 1)(n —2)...2 x 1

i.‘E*.r1+1r:r1—2 dr

(77 — L) (mre — 2)...2 = 1 (72 — 1)z — 2)...2 = 1
Bm.n) — o ) . mam ) (mnrm D — e —2)...2 <1
o (e — 1)1(r2 — 1)1
ol 2 (e — 2) (e — 2)ne{ve + 1) .. (m e — 2) (v + e — 1)
(2 — 1)(n — 1)1
T (72 4+ 72 — 1)!
B, ny — DGT G

I'(rre + 12)
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Now if m is only positive integer and n is not, then
(m — 1)!
nn+1)...(n+m —1)

B(m,n) =

Theorem T
f(m,n) = ZJ (cos @ ) ?™M~1(sin@) 2"~ 40
0

Proof : By definition of beta function

/2 1 [ (m)T (n)
. 2m—1 2n-1 _ = _
jo sin 0 cos 6do 1 2,6’(m,n) 2T (m+ 1)
We know that B (m,n) = j x™ (1 —x)" 1 dx
0
Let x = cos?0 ‘ dx = 2 cosf (=sin 6 )d6
1—x = sin? dx_—2C089 sin6 do

atx =0 COSZH—O~ 9—5
atx =1 cos’0 =1 ‘ 6=0

0
B(m,n) = | (cos?0 )™ I(sin?0 )" 1 (—2cosO sinb db)
"2 ,
Lm;n) = 2] (cos8 ) ?™~2(sinO) "2 cos @ sin O dO
0

T/
f(m,n) = 2] 2(cosl9 ) 2m=1(sin ) 2"~1 4@
0
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Theorem
To show that § (m,n) = B (n,m)

Proof :
By definition oflbeta function

g (m,n) = j x™ (1 —x)" Ldx
0
Putting x = 1 — y and dx = —dy in above equation, we get

0
f (m,n) = j (1—y)™1ty"1(-dy)
1

1

B (m,n) = j YL (1 — y)mt dy
0

B (m,n) = B (n,m)

Example
Evaluate fol x*(1 - x)3dx

Solution
f01 x*(1.<x)?dx = f01x5_1(1 —x)* 1dx

B.(54) =T (5)T (4)/T (9)
=4!.31/8! =31/(8.7.6.5)=1/(8.7.5) = 1/280
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Exampole
Evaluate 1 = o' [ 1/ ®[x*(1-x)] ]dx

Solution
[ = LI-.[l x 23 (l_x]-L.ﬂ dx = OJ'] y V3-1 [l_x)l-ﬂ-ldx
=B(1/3,2/3)= I(1/3) I(2/3) / T(1)

Example

e 5 5432
TE) 2421 28

j: e tde=T(@4)=31=6

30
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Example  Evaluate J'nl x* (1- \E)E dx

Solution: Let \x =t = x =t?sothat dx = 2t dt
1

fx“ (1—+x) dx= f(rz)-* (1—1)5 (2t db)
=2 [t (1—-t)° dt
= 2 B(10,6)

['orle
16

915!
=2X—
15!

2H 12 I XAXS

15X14x13x12x11x10

1
11x13=x7x15

1
15015

1 5 1
[ x*(1—+vx) dx=
0 15015 16
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